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A NEW CLASS OF INTEGRALS INVOLVING EXTENDED
HYPERGEOMETRIC FUNCTION
G. RAHMAN, A. GHAFFAR, K.S. NISAR* AND S. MUBEEN
Abstract. Our purpose in this present paper is to investigate generalized integration
formulas containing the extended generalized hypergeometric function and obtained re-
sults are expressed in terms of extended hypergeometric function. Certain special cases
of the main results presented here are also pointed out for the extended Gauss’ hyper-
geometric and confluent hypergeometric functions.
1. introduction
In many areas of applied mathematics, various types of special functions become es-
sential tools for scientists and engineers. The continuous development of mathematical
physics, probability theory and other areas has led to new classes of special functions and
their extensions and generalizations. The study of one-variable hypergeometric functions
appear in the work of Euler, Gauss, Riemann, and Kummer and the integral represen-
tations were studied by Barnes and Mellin. The special properties of one variable hy-
pergeometric function were studied by Schwarz and Goursat. For more details about the
recent works in the field of dynamical systems theory, stochastic systems, non-equilibrium
statistical mechanics and quantum mechanics, the readers may refer to the recent work
of the researchers [5, 6, 7, 8, 9, 10, 11] and the references cited therein.
Throughout this paper, we denote by N,Z− and C the sets of positive integers, negative
integers and complex numbers, respectively, and also N0 := N∪ {0} and Z−0 := Z− ∪ {0}.
The extended generalized hypergeometric function is defined by Srivastava et al. [14,
p.487, Eq.(15)]:
rFs


(a1, p), a2, · · · , ar;
z
b1, · · · , bs;

 =
∞∑
n=0
(a1; p)n(a2)n · · · (ar)n
(b1)n · · · (bs)n
zn
n!
(1.1)
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where, in terms of generalized Pochammer symbol (µ; p)v[14, p.485, Eq.(8)]:
(µ; p)v =


Γp(µ+v)
Γ(v)
, (ℜ(p) > 0, µ, v ∈ C)
(µ)v, (p = 0, µ, v ∈ C)
Here Γp(z) is the generalized gamma function introduced by Chaudhry and Zubair [2,
p. 9, Eq.(1.66)] as follows:
Γp(z) =


∫∞
0
tz−1exp
(−p− p
t
)
dt, (ℜ(p) > 0, z ∈ C)
Γ(z), (p = 0,ℜ(z) > 0)
The corresponding extensions of Gauss’s hypergeometric and confluent hypergeometric
functions are as follows:
2F1


(a, p), β;
z
γ;

 =
∞∑
n=0
(a, p)nβnz
n
(γnn!
, (1.2)
and
1F1


(a, p);
z
γ;

 =
∞∑
n=0
(a, p)nz
n
(β1)n(γnn!
, (1.3)
where a, γ ∈ C.
In this paper, we derive two new integral formulas involving the generalized hypergeo-
metric function (1.1). Further we give corollaries as special cases for the extended Gauss’
hypergeometric and confluent hypergeometric functions. For the present investigation,
we need the following result of Oberhettinger [12].∫ ∞
0
zα−1(z + b+
√
z2 + 2bz)−βdz = 2βb−β
(
b
2
)α
Γ(2α)Γ(β − α)
Γ(1 + α + β)
. (1.4)
where 0 < ℜ(α) < ℜ(β). For various other investigations involving certain special func-
tions, interested reader may be referred to several recent papers on the subject (see, for
example, [1, 3, 4, 15, 16, 17] and the references cited in each of these papers.
2. Main Result
In this section, the generalized integral formulas involving the extended generalized
hypergeometric function defined in (1.1 are established here by inserting with the suitable
argument in the integrand of (1.4) and we express the obtained result in terms of an
extended Wright-type hypergeometric function.
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Theorem 1. Let a1, a2, ..., ar, δ ∈ C; and β1, β2, ..., βs ∈ C/Z−0 ; with ℜ(p) > 0;ℜ(µ) >
ℜ(δ) > 0; p ≥ 0 and z > 0. Then the following formula holds true:
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µrFs


(a1, p), a2, ..., ar;
y
(z+b+
√
z2+2bz)
β1, β2, ..., βs;

 dz
=
Γ(2δ)bδ−µΓ(µ+ 1)Γ(µ− δ)
2δ−1Γ(µ)Γ(1 + δ + µ)
× r+2Fs+2


(a1, p), a2, ..., ar, µ+ 1, µ− δ;
|y
b
β1, β2, ..., βs, µ, µ+ δ + 1;

 . (2.1)
Proof. Let S1 be the left-hand side of (2.1), and applying
rFs


(a1, p), (a2), ..., (ar);
; z
(β1), (β2), ..., (βs);

 =
∞∑
n=0
(a1, p)n(a2)n...(ar)nz
n
(β1)n(β2)n...(βs)nn!
,
where ai, βi ∈ C; i = 1, 2, ..., p; j = 1, 2, ..., qand βj 6= 0,−1,−2, ... and (z)n is the
Pochhammer symbols.
To the integrand (2.1), we have
S1 =
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ
∞∑
n=0
(a1, p)n(a2)n...(ar)n
(β1)n(β2)n...(βs)nn!
(
y
z + b+
√
z2 + 2bz
)n
dz.
By interchanging the order of integration and summation, which is verified by the uniform
convergence of the series under the given assumption of theorem (2.1), we have
S1 =
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−(µ+n)
∞∑
n=0
(a1, p)n(a2)n...(ar)ny
n
(β1)n(β2)n...(βs)nn!
dz.
By using the (1.4), we get
S1 =
∞∑
n=0
(a1, p)n(a2)n...(ar)ny
n
(β1)n(β2)n...(βs)nn!
2(µ+ n)b−(µ+n)
(
b
2
)δ
Γ(2δ)Γ(µ+ n− δ)
Γ(1 + δ + µ+ n)
.
S1 =
Γ(2δ)bδ−µ
2δ−1
∞∑
n=0
(a1, p)n(a2)n...(ar)n
(β1)n(β2)n...(βs)n
yn
n!bn
Γ(µ+ n+ 1)Γ(µ+ n− δ)
Γ(µ+ n)Γ(1 + δ + µ+ n)
.
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Upon using the (1.1), we obtain
S1 =
Γ(2δ)bδ−µΓ(µ+ 1)Γ(µ− δ)
2δ−1Γ(µ)Γ(1 + δ + µ)
r+2Fs+2


(a1, p), a2, ..., ar, µ+ 1, µ− δ;
|y
b
β1, β2, ..., βs, µ, µ+ δ + 1;

 .

Theorem 2. Let a1, a2, ..., ar, δ ∈ C; and β1, β2, ..., βs ∈ C/Z−0 ; with ℜ(p) > 0;ℜ(µ) >
ℜ(δ) > 0; p ≥ 0 and z > 0. Then the following formula holds true:
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µrFs


(a1, p), a2, ..., ar;
yz
(z+b+
√
z2+2bz)
β1, β2, ..., βs;

 dz
=
Γ(µ− δ)bδ−µΓ(δ)Γ(δ + 1/2)Γ(µ+ 1)
2δ−1Γ(µ)Γ(1 + δ + µ)
× r+3Fs+3


(a1, p), a2, ..., ar, µ+ 1, δ + 1/2;
|yz
b
β1, β2, ..., βs, µ, (µ+ δ + 1)/2, (µ+ δ + 2)/2;

 . (2.2)
Proof. Let S2 be the left-hand side of (2.2), and applying
rFs


(a1, p), (a2), ..., (ar);
z
(β1), (β2), ..., (βs);

 =
∞∑
n=0
(a1, p)n(a2)n...(ar)nz
n
(β1)n(β2)n...(βs)nn!
,
where ai, βi ∈ C; i = 1, 2, ..., p; j = 1, 2, ..., qand βj 6= 0,−1,−2, ... and (z)n is the
Pochhammer symbols.
To the integrand (2.2), we have
S2 =
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ
∞∑
n=0
(a1, p)n(a2)n...(ar)n
(β1)n(β2)n...(βs)nn!
(
yz
z + b+
√
z2 + 2bz
)n
dz.
By interchanging the order of integration and summation, which is verified by the uniform
convergence of the series under the given assumption of theorem (2.2), we have
S2 =
∫ ∞
0
zδ+n−1(z + b+
√
z2 + 2bz)−(µ+n)
∞∑
n=0
(a1, p)n(a2)n...(ar)ny
n
(β1)n(β2)n...(βs)nn!
dz.
By using the (1.4), we get
S2 =
∞∑
n=0
(a1, p)n(a2)n...(ar)ny
n
(β1)n(β2)n...(βs)nn!
2(µ+ n)b−(µ+n)
(
b
2
)δ+n
Γ(2δ + 2n)Γ(µ− δ)
Γ(1 + δ + µ+ n)
.
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S2 =
Γ(µ− δ)bδ−µ
2δ−1
∞∑
n=0
(a1, p)n(a2)n...(ar)n
(β1)n(β2)n...(βs)n
yn
n!bn
Γ(2δ + 2n)Γ(µ+ n+ 1)
Γ(µ+ n)Γ(1 + δ + µ+ 2n)
.
Upon using the (1.1), we obtain
S2 =
Γ(µ− δ)bδ−µΓ(δ)Γ(δ + 1/2)Γ(µ+ 1)
2δ−1Γ(µ)Γ(1 + δ + µ)
×r+3Fs+3


(a1, p), a2, ..., ar, µ+ 1, δ + 1/2;
|yz
b
β1, β2, ..., βs, µ, (µ+ δ + 1)/2, (µ+ δ + 2)/2;

 .

3. Special Cases
In this section, we present certain special cases of (2:1) and (2:2) as corollaries given
below for extended Gauss’ hypergeometric and confluent hypergeometric functions (1:4)
and (1:5).
Corollary 3.1. Let a, β, γ, δ ∈ C; and γ ∈ C/Z−0 ; with ℜ(p) > 0;ℜ(µ) > ℜ(δ) > 0; p ≥ 0
and z > 0. Then the following formula holds true:
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ2F1


(a, p), β;
y
(z+b+
√
z2+2bz)
γ;

 dz
=
Γ(2δ)bδ−µΓ(µ+ 1)Γ(µ− δ)
2δ−1Γ(µ)Γ(1 + δ + µ)
4F3


(a, p), β, µ+ 1, µ− δ;
|y
b
γ, µ, µ+ δ + 1;

 . (3.1)
Proof. Let S3 be the left-hand side of (3.1), and applying
2F1


(a, p), β;
; z
γ;

 =
∞∑
n=0
(a, p)n(β)nz
n
(γ)nn!
,
where a, β ∈ Cand γ 6= 0,−1,−2, ... and (z)n is the Pochhammer symbols.
To the integrand (3.1), we have
S3 =
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ
∞∑
n=0
(a, p)n(β)n
(γ)nn!
(
y
z + b+
√
z2 + 2bz
)n
dz.
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By interchanging the order of integration and summation, which is verified by the uniform
convergence of the series under the given assumption of theorem (3.1), we have
S3 =
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−(µ+n)
∞∑
n=0
(a, p)n(β)ny
n
(γ)nn!
dz.
By using the (1.4), we get
S3 =
∞∑
n=0
(a, p)n(β)ny
n
(γ)nn!
2(µ+ n)b−(µ+n)
(
b
2
)δ
Γ(2δ)Γ(µ+ n− δ)
Γ(1 + δ + µ+ n)
.
S3 =
Γ(2δ)bδ−µ
2δ−1
∞∑
n=0
(a, p)n(β)n
(γ)n
yn
n!bn
Γ(µ+ n+ 1)Γ(µ+ n− δ)
Γ(µ+ n)Γ(1 + δ + µ+ n)
.
Upon using the (1.1), we obtain
S3 =
Γ(2δ)bδ−µΓ(µ+ 1)Γ(µ− δ)
2δ−1Γ(µ)Γ(1 + δ + µ)
4F3


(a, p), β, µ+ 1, µ− δ;
|y
b
γ, µ, µ+ δ + 1;

 .

Corollary 3.2. Let a, β, γ, δ ∈ C; and γ ∈ C/Z−0 ; with ℜ(p) > 0;ℜ(µ) > ℜ(δ) > 0; p ≥ 0
and z > 0. Then the following formula holds true:
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ2F1


(a, p), β;
yz
(z+b+
√
z2+2bz)
γ;

 dz
=
Γ(µ− δ)bδ−µΓ(δ)Γ(µ+ 1)Γ(δ + 1
2
)
2δ−1Γ(1 + δ + µ)Γ(µ)
5F4


(a, p), β, µ+ 1, δ, δ + 1
2
;
|yz
b
γ, µ, µ+δ+1
2
, µ+δ+2
2
;

 . (3.2)
Proof. Let S4 be the left-hand side of (3.2), and applying
2F1


(a, p), β;
z
γ;

 =
∞∑
n=0
(a, p)nβnz
n
(β1)n(γ)nn!
where a, β ∈ Cand γ 6= 0,−1,−2, ... and (z)n is the Pochhammer symbols.
To the integrand (3.2), we have
S4 =
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ
∞∑
n=0
(a, p)n(β)n
(γ)nn!
(
yz
z + b+
√
z2 + 2bz
)n
dz.
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By interchanging the order of integration and summation, which is verified by the uniform
convergence of the series under the given assumption of theorem (3.2), we have
S4 =
∫ ∞
0
zδ+n−1(z + b+
√
z2 + 2bz)−(µ+n)
∞∑
n=0
(a, p)n(β)ny
n
(γ)nn!
dz.
By using the (1.4), we get
S4 =
∞∑
n=0
(a, p)n(β)ny
n
(γ)nn!
2(µ+ n)b−(µ+n)
(
b
2
)δ+n
Γ(2δ + 2n)Γ(µ− δ)
Γ(1 + δ + µ+ n)
.
S4 =
Γ(µ− δ)bδ−µ
2δ−1
∞∑
n=0
(a, p)n(β)n
(γ)n
yn
n!bn
Γ(2δ + 2n)Γ(µ+ n+ 1)
Γ(µ+ n)Γ(1 + δ + µ+ 2n)
.
Upon using the (1.1), we obtain
S4 =
Γ(µ− δ)bδ−µΓ(δ)Γ(µ+ 1)Γ(δ + 1
2
)
2δ−1Γ(1 + δ + µ)Γ(µ)
5F4


(a, p), β, µ+ 1, δ, δ + 1
2
;
|yz
b
γ, µ, µ+δ+1
2
, µ+δ+2
2
;

 .

Corollary 3.3. Let a, β, γ, δ ∈ C; and γ ∈ C/Z−0 ; with ℜ(p) > 0;ℜ(µ) > ℜ(δ) > 0; and
z > 0. Then the following formula holds true:
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ2F1


a, β;
y
(z+b+
√
z2+2bz)
γ;

 dz
=
Γ(2δ)bδ−µΓ(µ− δ)Γ(µ+ 1)
2δ−1Γ(µ)Γ(µ+ δ + 1)
4F3


a, β, µ+ 1, µ− δ;
|y
b
γ, µ, µ+ δ + 1;

 . (3.3)
Corollary 3.4. Let a, β, γ, δ ∈ C; and γ ∈ C/Z−0 ; with ℜ(p) > 0;ℜ(µ) > ℜ(δ) > 0; p ≥ 0
and z > 0. Then the following formula holds true:
∫ ∞
0
zδ−1(z + b+
√
z2 + 2bz)−µ2F1


a, β;
yz
(z+b+
√
z2+2bz)
γ;

 dz
=
Γ(µ− δ)bδ−µΓ(µ+ 1)Γ(δ)Γ(δ + 1
2
)
2δ−1Γ(µ)Γ(µ+ δ + 1)
5F4


a, β, µ+ 1, δ, δ + 1
2
;
|yz
b
γ, µ, µ+ δ + 1, µ+δ+1
2
, µ+δ+2
2
;

 . (3.4)
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